
























































































































































































































































































































































































































OPERATIONS RESEARCH 189 

If F1 (I) = 0, then any delay in the completion of this task will delay the entire 
project. The variable C1 is used to count these "critical" tasks. This count is 
carried out in lines 410 to 440 of the program in Figure 9.9. 

We can now print out the following information for each task: 

Number of the starting nOde} 
Number of the finishing node 
Duration 

Earliest starting time 
Latest finishing time } 
Maximum admissible delay 

Input Data 

Results of the 
Computation 

This output is done in lines 495 to 550 of the program shown in Figure 9.9. 
The calculation of the total duration of the critical path is defined by the 

variable C3 (which was initialized to zero) in lines 570 to 590: 

C3 = MAX(C3,L(F(I))) 

Since the critical path consists of only those tasks with admissible delays of 
zero, the path can be output starting from the entry node (lines 595 to 720) as 
follows: 

Find the initial task (lines 640 to 660). 

Print the task (lines 670 and 675) . 

Find the next task (lines 700 to 720), printthe task, and continue until 
the end is reached . 

The flowchart for this example is displayed in Figure 9.B. The program 
listing is shown in Figure 9.9. 

When the program is executed its output consists of three parts (see Figure 
9.10): 

1. the display of the inputs and the total number of tasks 

2. the critical path analysis; i.e., for each task: 

- the start task node number 

- the finish task node number 

- the earliest possible start date 

- the latest possible completion date without delaying project 
completion 

- the time available for "slippage" 

3. the critical path . 
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fiND STARTING TASK 

NO 

YES 

NO 

YES 

Figure 9.8: Flowchart for the Critical Path Program ---------------------" 



100 REM THE CRITICAL PATH IN 
105 REM A GRAPH 
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110 DIM S(20),F(20),E(20),L(20),L$(40) 
112 DIM F1(20),C$(400),D$(20),D(20) 
115 N9=6 
120 REM 
130 REM READ AND PRINT DATA 
150 GOSUB 980 
250 REM INITIALIZE AND COMPUTE 
255 REM EARLIEST START DATE 
260 C1=0:C2=0:C3=0 
270 FOR 1=1 TO N 
280 M1=E(S(I»+D(I) 
290 IF E(F(I»<=M1 THEN E(F(I»=M1 
300 NEXT I 
310 REM 
320 L(F(N»=E(F(N» 
330 FOR I=N TO 1 STEP -1 
340 L 1=S (Il 
345 M2=L(F(I» - D(I) 
350 IF L(L1»=M2 OR L(L1)=0 THEN L(L1)=M2 
360 NEXT I 
400 REM 
410 FOR 1=1 TO N 
420 F1 (Il=UF(I»-E(S(I»-D(I) 
430 IF F1(I)=0 THEN C1=C1+1 
440 NEXT I 
495 PRINT 
500 PRINT "CRITICAL PATH "; 
510 PRINT "ANALYSIS":PRINT 
520 PRINT "FROM TO START"; 
525 PRINT "DONE STOP TASK":PRINT 
530 FOR 1=1 TO N 
532 L$=" 
535 L$(2)=STR$(S(I» 
536 L$(6)=STR$(F(I» 
540 L$(11)=STR$(E(S(I») 
542 LS(16)=STRS(L(F(I») 
544 LS(21l=STRS(F1<I» 
546 LS(24,37)=CS(20*I-19,20*I) 
548 PR INT LS 
550 NEXT I 
560 REM 
570 FOR 1=1 TO N 
580 IF L(F(I»>C3 THEN C3=L(F(I» 
590 NEXT I 
595 PR INT 
600 PRINT "THE LENGTH OF THE "; 
602 PRINT "CRITICAL PATH IS "; 
604 PRINT C3 
610 PRINT 
620 PRINT "IT GOES FROM TO" 
630 PRINT 
640 FOR 1=1 TO N 
650 IF F1 (I )=0 THEN 670 
660 NEXT I 

'------------- Figure 9.9: Critical Path Program (continues) 
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670 PRINT" ";S(I); 
675 PRINT" ";FCI) 
680 C 2=C 2+1 
690 IF I>N THEN 730 
700 FOR J=1 TO N 
710 IF S(J)<>F(I) OR F1(J)<>0 THEN 720 
715 I=J:GOTO 670 
720 NEXT J 
730 IF C1=C2 THEN 740 
732 PRINT "MORE THAN ONE "; 
734 PR INT "CR IT !CAL PATH." 
740 PRINT 
80C END 

Figure 9.9: Critical Path Program ------------------' 

FROM TO DURATION TASK 

1 2 5 JACK UP 
1 3 9 REMOVE WHEEL 
2 3 5 WHEEL EXCHANGE 
2 5 4 BOL T ON WHEEL 
:3 4 6 LET DOWN 
4 5 1 TIGHTEN UP 

NlJIIIBER OF TASKS = 6 

CRITICAL PATH ANALYSIS 

FROM TO START DONE STOP TASK 

1 2 0 5 0 JACK UP 
1 :3 0 10 1 REMOVE WHEEL 
2 3 5 10 0 WHEEL EXCHANGE 
2 5 5 17 8 BOl T ON WHEEL 
3 4 10 16 0 lET DOWN 
4 5 16 17 0 TIGHTEN UP 

THE lENGTH OF THE CRITICAL PATH IS 17 

IT GOES FROM TO 

1 2 
2 3 
3 4 
4 5 

Figure 9.10: Output from the Critical Path Program -----------1 
9.3 The Traveling Salesman Problem 

A salesman must visit customers living in N cities. He must decide in which 
order he should visit his customers, so that he can minimize the total cost of 
the trip . In this version of the problem the salesman must return to his original 



OPERATIONS RESEARCH 193 

starting point. A graph showing the locations of the cities that must be visited 
is shown in Figure 9.11. 

Gross Volley 

Sacramento 

'--------- Figure 9.11: Cities for the Traveling Salesman Program 

Note: The costs, O(l,J) of traveling from city I to city J are known for this 
problem. These costs can be expressed as distances in miles or in other units. 

Suggested method: For this problem we will not use the general solution, 
which is complex and slow to run. Instead, we will use the following heuristic 
method: 

1. Select a city as the starting point. 

2. Go to the next closest city. 

3. Go from that city to the next closest city not yet visited and so on 
until all of the cities have been visited . Then return to the starting city. 

4. Note the cost of this route. Repeat the process, using each of the 
other cities in tu rn as the starti ng city. 

Exercise: There are four steps to this problem: 

1. Analyze the problem by breaking it up into small sections. 

2. Construct a concise flowchart, detailed to the level of subroutine 
calls . 

3. Construct detailed flowcharts for each subroutine. 

4. Write the program. 
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For this problem we will use the following variables: 

V$ = an array of character strings containing the names of the cities 
to be visited. 

o = a two-dimensional array containing the costs (distances): 

O(l,J) is the cost of going from city I to city J 

0(1,1) = o. 
T = an array containing the route currently being constructed. 

T1 = an array containing the best route yet found. 

S = a variable containing the cost of the best route yet found. 

C = a variable containing the cost of the route currently being 
constructed. 

Solution: As usual, this problem is not difficult provided it is attacked me-
thodically. The complete program will contain several parts: 

Read the data. 

Print the data. 

Find the best itinerary (the computational part). 

Print this itinerary. 

As an aid in evaluating an algorithm, we might want to see the provisional 
itineraries displayed. For this reason it is desirable to use a subroutine to print 
the output. Thus, we could insert a COSUB instruction when a display of the 
output is desired. 

The "cost matrix," 0 , may be either symmetrical or asymmetrical. We will 
address both cases in the section that reads the data. The user's data prepara­
tion can be simplified when the cost matrix is symmetrical. This line of attack 
leads to the conceptual flowchart shown in Figure 9.12. 

The output display of a cost matrix is the same whether or not the matrix is 
symmetrical , but the length of the lines must be taken into account. 

To obtain a suitable printout we use the string array, V$, which contains the 
names of the cities visited. The cost matrix is represented by a square array 
containing rows and columns captioned with the names of the cities. 

In the flowchart shown in Figure 9.12, the structure of the algorithm was 
not revealed . Let us try to fill it in progressively. First, we must put together an 
itinerary, and then compare the cost of that itinerary to the cost of a different 
itinerary. To do this, we will use the following variables: 

an array, T, that contains the sequence of city numbers in the order 
that they were visited on the itinerary. 
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Call subroutine 1000 to read data. 
Call suhroutine 1500 to display data. 

Ca ll subroutine 2000. 

Ca ll subroutine 3000. 

Figure 9.12: Conceptual Flowchart for the Traveling Salesman Program 

a constant, C, that represents the cost of an itinerary. The constant C 
is given by: 

N - 1 

C = L O(T(I) ,T(I + 1)) + O(T(N),T(l)) 
1=1 

We are now at the point where we can construct a more detailed flowchart 
(see Figure 9.13) . This flowchart will not, however, indicate the method used 
to select the next city. To determine this final detail, let us consider what 
happens in the course of working out an itinerary. We will assume that L - 1 
cities have been selected, and their numbers have been moved into (T)l 
through T(L - 1) . We then successively examine all cities, j, such that 

) ". T(K) for K = 1, 2, . .. , L - 1 

and retain the city for which the cost O(T(L - 1 ),)) is the least. This) is then 
stored in T(L) . This leads us, finally, to the flowchart shown in Figure 9.14, 
which is now detai led enough to be used for programming. 

The program, shown in Figure 9.15, has been divided into subroutines to 
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fntitiafize to maximum cost .. 

Construction of a 
route starting from I 
node f • 

Go back an start ---.. 
from this no~e (city) 

C = 0 
T( I ) = I 

L = 2 

LOOK fOR THE 
NE XT CI TY 

LET LI BE ITS /I 
LET C I Bf THE COST 

REMEMBER T(L) = LI 
ACCUMULATE C = C + CI 

L = L+I 

S TORAC-,E Of THIS 

ROlJTE If IT IS THE 
LEAST EXPEN SIVE 

ROUTE SO fAR 

YES 

Figure 9.13: More Detailed Flowchart for the Traveling Salesman Program ------------' 



Initialize to 
maximum cost. 
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r------------------, 
I I 
I . Has city I already I 
I been chosen? I 
I I 
I I 
I I 
I I 

YE S 

YE S 

YES 

L..... ____________ Figure 9.14: Final Flowchart for the Traveling Salesman Program 
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20 REM VS HOLDS THE NAMES OF 
22 REM THE CITIES 
25 REM T = WORKING TABLE OF THE 
30 REM CITIES ALREADY ON 
32 REM THE ROUTE 
35 REM T1 CONTAINS THE NUMBERS 
37 REM OF THE CITIES OF THE 
40 REM LEAST COSTLY TRIP YET 
42 REM DEVISED 
45 REM D = THE MATRIX OF 
47 REM DISTANCES OR COSTS 
90 DIM VS(60),TC20),T1C20),SSC9) 
95 DIM DC20,20),NSC9),LSC40) 
100 PRINT "THE TRAVELING "; 
105 PRINT "SALESMAN PROGRAM" 
110 PRINT 
120 READ SS 
125 1 F SS="SYM" THEN 129 
126 GOSUB 800 
127 GOTO 130 
129 GOSUB 995 
130 GOSUB 1500 
140 GOSUB 2000 
150 GOSUB 3000 
780 END 
790 REM READ AN UNSYMETRIC 
795 REM COST MATRIX 
800 READ N 
810 FOR 1=1 TO N 
820 READ NS:CIT=I:GOSUB 4rrr 
822 VSCB,E)=NS 
825 NEXT I 
827 FOR 1=1 TO N 
830 FOR J=1 TO N 
840 READ D:DCI,J)=D 
850 NEXT J 
860 NEXT I 
870 RETURN 
990 REM READ A SYMETRIC 
992 REM COST MATRIX 
995 READ N 
1000 FOR 1=1 TO N 
1010 READ NS:CIT=I:GOSUB 4000 
1015 VSCB,E)=N$ 
1020 NEXT I 
1030 FOR 1=1 TO N 
1040 D CI, 1>=0 
1050 IF I+1>N THEN 1090 
1055 FOR J=I+1 TO N 
1060 READ D:DCI,J)=D 
1070 DCJ,I)=DCI,J) 
1080 NEXT J 
1090 NEXT I 
1100 RETURN 
1480 REM 
1490 REM SUBROUTINE TO PRINT 

Figure 9.15: Traveling Salesman Program (continues) -----------' 



1495 REM COST MATRIX 
1500 PRINT "THE COST OF TRAV"; 
1505 PRINT "EL BETWEEN CITIES:" 
1510 PRINT :PRINT" "; 
1520 FOR 1=1 TO N 
1530 CIT=I:GOSUB 4000 
1535 PRINT VS(B,E);" "; 
1540 NEXT I 
1550 PRINT 
1555 PR INT 
1560 FOR 1=1 TO N 
1562 LS=" 
1565 CIT=I:GOSUB 4000 
1570 LS(1)=VS(B,E) 
1580 FOR J=1 TO N 
1595 LS(4*J+2)=STRS(D(I,J» 
1600 NEXT J 
1605 PR INT LS 
1608 PRINT 
1610 NEXT I 
1620 RETURN 
1970 REM 
1980 REM BEGIN ALGORITHM TO 
1985 REM FIND THE BEST ROUTE 
1990 REM 
2000 S=1E+38 
2002 FOR 1=1 TO N 
2005 C=O 
2010 T(1 )=1 
2020 FOR L=2 TO N 
2030 GOSUB 2500 
2040 T(U=L 1 
2050 C=C+C1 
2060 NEXT L 
2065 C=C+D(T(N),T(1») 
2070 GOSUB 2700 
2090 NEXT I 
2470 REM 
2480 REM SELECT THE NEXT 
2485 REM CITY TO VISIT 
2490 REM 
2500 C1=1E+38 
2510 FOR J=1 TO N 
2515 FOR K=1 TO L-1 
2520 IF T<K )=J THEN 2560 
2525 NEXT K 
2530 IF D(TCL-1),J»=C1 THEN 2560 
2540 C1=D(T<L-1l,J) 
2550 L 1=J 
2560 NEXT J 
2570 RETURN 
2670 REM 
2680 REM IS SOLUTION THE BEST 
2685 REM SO FAR? IF SO, SAVE 
2690 REM T IN T1 AND C IN S. 
2700 IF S<=C THEN 2750 
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1-. ________ Figure 9.15: Traveling Salesman Program (continues) 
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2710 5=C 
2720 FOR K=1 TO N 
2730 T1CK)=T(K) 
2740 NEXT K 
2750 RETURN 
3000 PRINT 
3010 PR INT " REC OM" ; 
3012 PRINT "MENDED ITINERARY:" 
3015 PRINT 
3020 FOR L=1 TO N-1 
3025 CIT=T1CL):G05UB 4000 
3030 PRINT VSCB,E); 
3031 CIT=T1CL+1):G05UB 4000 
3032 PRINT" TO ";VSCB,E); 
3034 PRINT " "; 
~036 PRINT DCT1CL),T1CL+1» 
3040 PRINT 
3050 NEXT L 
3051 CIT=T1CN):G05UB 4000 
3052 PRINT VSCB,E); 
3054 CIT=T1(1):GOSUB 4000 
3056 PRINT" TO ";VSCB,El; 
3057 PRINT" "; 
3058 PRINT DCT1(N),T1(1» 
3060 PRINT 
3070 PRINT "TOTAL COST:"; 
3075 PRINT" ";5 
3080 RETURN 
4000 REM STRING INDEXING SUBROUTINE 
4010 B=3*(CIT-1)+1 
4020 E=3*CIT 
4030 RETURN 
5000 END 

Figure 9.15: Traveling Salesman Program ____________ -1 

make it easier to understand. The main program does little more than call the 
four subroutines: 

800 or 995 
1500 
2000 
3000 

Read the cost matrix. 
Display the cost matrix. 
Perform the computation. 
Display the solution found. 

The computation subroutine then calls two other subroutines: 

2500 Select the next city 
2700 Check to see if the itinerary just constructed is better 

than the previous itineraries. If so, store it. 

Let us now look at two sample runs in Figures 9.16 and 9.17. 



THE TRAVELING SALESMAN PROGRAM 

THE COST OF TRAVEL BETWEEN CITIES: 

SAC MVL OAK GVL VAL CLK SF 

SAC 0 45 67 13 40 68 89 

MVL 47 0 29 37 22 23 41 

OAK 68 30 0 73 21 24 12 

GVL 13 36 74 0 42 60 95 

VAL 40 24 22 43 0 36 33 

ClK 67 23 25 60 35 0 36 

SF 89 40 13 98 35 36 0 

UKH 81 36 37 75 48 15 46 

RECOMMENDED ITINERARY: 

GVL TO SAC 13 

SAC TO VAL 40 

VAL TO OAK 22 

OAK TO SF 12 

SF TO ClK 36 

ClK TO UKH 13 

UKH TO MVl 36 

MVl TO GVl 37 

TOTAL COST: 209 

6155 DATA NON,8 
6160 DATA SAC,MVL,OAK,GVL,VAl 
6165 DATA ClK,SF ,UKH 
6170 DATA 0,45,67,13,40,68,89,81 
6180 DATA 47,0,29,37,22,23,41,36 
6190 DATA 68,30,0,73,21,24,12,37 
6200 DATA 13,36,74,0,42,60,95,73 
6210 DATA 40,24,22,43,0,36,33,49 
6220 DATA 67,23,25,60,35,0,36,13 
6230 DATA 89,40,13,98,35,36,0,47 
6240 DATA 81,36,37,75,48,15,46,0 

UKH 

81 

36 

37 

73 

49 

13 

47 

0 
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'--------- Figure 9.16: First Run of the Traveling Salesman Program -
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THE TRAVELING SALESMAN PROGRAM 

THE COST OF TRAVEL BETWEEN CITIES: 

SAC MVl OAK GVl VAL ClK SF UKH 

SAC 0 45 67 13 40 68 89 81 

MVL 45 0 29 37 22 23 41 36 

OAK 67 29 0 73 21 24 12 37 

GVL 13 37 73 0 42 60 95 73 

VAL 40 22 21 42 0 36 33 49 

ClK 68 23 24 60 36 0 36 13 

SF 89 41 12 95 33 36 0 47 

UKH 81 36 37 73 49 13 47 0 

RECOMMENDED IT INERARY: 

GVl TO SAC 13 

SAC TO VAL 40 

VAL TO OAK 21 

OAK TO SF 12 

SF TO ClK 36 

ClK TO UKH 13 

UKH TO MVl 36 

MVl TO GVl 37 

TOTAL COST: 208 

6155 DATA SYM,8 
6160 DATA SAC,MVl,OAK,GVl,VAl,ClK 
6165 DATA SF ,UKH 
6170 DATA 45,67,13,40,68,89,81 
6180 DATA 29,37,22,23,41,36 
6190 DATA 73,21,24,12,37 
6200 DATA 42,60,95,73 
6210 DATA 36,33,49 
6220 DATA 36,13 
6230 DATA 47 

'-- Figure 9.17: Second Run of the Traveling Salesman Program --------' 
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Figure 9.18 shows the route that corresponds to the sample run in Figure 
9.17. 

Ukiah 

Marysville 
....... -.:.-.------_ Gross Volley 

Sacramento 

1..-. ___________ figure 9.18: Route Calculated by first Run 

This result is not actually the trip that would be the least expensive. More 
elaborate methods would have to be used to find the least expensive trip. 
This trip is shown in Figure 9.19. The cost associated with this itinerary is 206. 

Ukiah 

Marysv ille 
- ..... :..:.::.;.:..:.:.~:.....-----..... Grass Volley 

Sacramento 

1-.-------------- figure 9.19: Least Expensive Route 
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Note: The following information should be considered : 

If one city is "equidistant" from two other cities and if the costs are 
minimal, the algorithm we programmed does not perform succes­
sive attempts with each city in turn. Instead, it systematically selects 
the city that comes first, in the order of subscripting. 

To force the program to attempt a route from the second city, the cost 
of the transit to the first city must be increased artificially by a small 
amount. The program must then be run a second time. 

To increase the algorithm's execution speed, the program could 
be made more elaborate; this would involve forcing the program 
to consider the byways required to make up a truly minimal cost 
itinerary. 

Conclusion 

We have studied three simple programs in operations research. You have 
probably seen that, although the problems seemed simple, the correspond­
ing programs were lengthy and sometimes quite complicated. Generally 
speaking, each time we had to "walk a graph" we ended up with a subtle 
subscript-handling operation that made the programming a challenge. 

If you find this subject interesting, we recommend studying the following 
problems: 

1. Kruskal 's algorithm 

2. the Transportation Problem 

3. flow optimization in a graph (the Ford-Fulkerson algorithm) 

4. linear programming (the simplex method). 





CHAPTER 10 



Statistics 

Introduction 

The computer is a prime tool for handling problems that involve statistics 
and statistical applications because it can provide high-speed computations 
and rapid access to large amounts of data. 

This chapter will present simple, but extremely useful, statistics programs. 
As an example of their usefulness, note that the linear regression subroutine 
explained in this chapter has already been applied to the rate of growth 
computation studied in Chapter 7. 

The number of exercises presented here has been limited to maintain a 
balance with the rest of the book. It should be realized, however, that a large 
number of programs have been written in this domain. 

10.1 The Average of a Sequence of Measurements 

We want to compute the arithmetic mean, M, of a sequence of measure­
ments. In this exercise al l the data are assumed to be incorporated into the 
program. A numerical value of - 999 signals the end of the data. 
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Exercise: First, analyze the problem. Then, draw a flowchart, and, finally, 
write the program. 

Solution: Each sample measurement is used only once in the course of 
computing the sum M. Therefore, there is no need to use an array. The total 
number of samples will betallied in a variable, N, which will be available later 
for the division. So that the dummy va lue - 999 is not added to M , the follow­
ing test for end-of-data must be carried out: 

If A '* - 999, then continue the accumulation: 

M=M+A 
N = N + 1 

If A = - 999, then all the data have been read and we must com­
plete the computation with the division: 

M = MIN 

This leads to the flowchart shown in Figure 10.1. 

Figure 10.1: Flowchart for Calculating Arithmetic Mean ______ ---1 
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Programming this flowchart is easy (see Figure 10.2) . The only complica­
tion lies in seeing that the results are presented clearly (as in Figure 10.3) . 

10 M=O: N=O 
110 READ A 
120 IF A=-999 THEN 170 
130 N=N+1 
140 M=M+A 
150 GOTO 110 
170 M=M/N 
180 PRINT "NUMBER OF "; 
185 PRINT "SAMPLES = ";N 
190 PRINT 
200 PRINT "MEAN 
205 PRINT "= ";M 
210 DATA 12,25,15,0,-999 
220 END 

". , 

L..-____________ Figure 10.2: Arithmetic Mean Program 

NUMBER OF SAMPLES = 4 J 
MEAN = 13 

L..-________ Figure 10.3: Output from Arithmetic Mean Program 

10.2 Mean, Variance and Standard Deviation 

We can use the following formulas to calculate the mean, variance, and 
standard deviation of a series of N measurements: 

1 N 
Mean M = - l Am 

N 1=1 

1 N 
Variance V = -N-- L (A(I) - M)2 

- 1 1 = 1 

Standard Deviation S = Vv 
As was done in the preceding program, the data is incorporated into the 

program, and the va lue - 999 signals the end ofthe data (similarto an end-of­
file indicator) . 

Exercise 1: Given a series of measurements (assumed to be contained in 
the program), compute the mean, variance, and standard deviation, using 
the preceding formulas . Consider the exercise in three phases: 

Phase A: Draw a flow chart that describes the computation of the three 
quantities. 

Phase 8: Modify the formula for V, so that the flowchart will contain only 
one loop. 

Phase C: Write a program that corresponds to the second flowchart. 
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